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Introduction
Perturbation theories are powerful techniques in many area of physics and the developments of perturbation theories lead physically fruitful results and interpretations of natural phenomena. In physics, researchers want to describe realistic situations in a compact manner. Exact solutions in a theory for natural phenomena are candidates which can describe realistic situations. However, in many cases, realistic situations are too complicated and often difficult to describe by an exact solution of a theory. This difficulty may be due to the fact that exact solutions only describe special cases even if the theory is appropriate to describe the natural phenomena, or may be due to the lack of the applicability of the theory itself. Even in the case where an exact solution of a theory well describes a physical situation, the properties of the natural system will not be completely described only through the exact solution. In natural phenomena, there always exist "fluctuations". In this case, perturbative treatments of the theory is a powerful tool and researchers investigate perturbative approach within a theory to clarify the properties of fluctuations.
General relativity is one of theories in which the construction of exact solutions is not so easy. Although there are many exact solutions to the Einstein equation [1] , these are often too idealized. Of course, there are some exact solutions to the Einstein equation which welldescribe our universe, or gravitational field of stars and black holes. These exact solutions by itself do not describe fluctuations around these exact solutions. To describe them, we have c The Author(s) 2012. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by-nc/3.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
true, the higher-order general-relativistic gauge-invariant perturbation theory is completely formulated on an arbitrary background spacetime and has very wide applications.
The main purpose of this paper is to give a scenario of a proof of this conjecture based on the premise that the background spacetime admits ADM decomposition. We explicitly construct the gauge-invariant and gauge-variant parts of the linear metric perturbation. Although some special modes are excluded in the proof in this paper, we may say that the above conjecture is almost correct for linear-order perturbations on an arbitrary background spacetime. This paper is the full paper version of our previous short letter [18] .
The organization of this paper is as follows. In Sec. 2, we briefly review the general framework of the second-order gauge-invariant perturbation theory developed in Refs. [13, 14] and the above conjecture is also declared as Conjecture 1 in this review. In Sec. 3, we give a scenario of a proof of Conjecture 1. We note that we assume that the existence of Green functions for two elliptic differential operators in our outline of a proof. Therefore, the modes which belong to the kernel of these two elliptic differential operators are excluded in this paper. Since we use tricky logic in our outline in Sec. 3, we reconsider the derivation of gauge-transformation rules through an alternative approaches in Sec. 4 to check the consistency of our result in Sec. 3. The final section (Sec. 5) is devoted to summary and discussions. Throughout this paper, we use the covariant decomposition of symmetric tensors on Riemannian manifold which was developed by York [26] . We review York's discussions on this covariant decomposition in Appendix A. Although his discussions are for tensors on a closed manifold, we use his decomposition on a finite region in a Riemannian manifold with boundaries assuming the existence of Green functions for two elliptic differential operators.
We employ the notation in Refs. [13, 14] and use abstract index notation [19] . We also employ natural units in which the velocity of light satisfies c = 1.
General framework of the higher-order gauge-invariant perturbation theory
In this section, we briefly review the general framework of the gauge-invariant perturbation theory developed in Ref. [13] . The aim of this section is to emphasize that Conjecture 1 is an important premise of our general framework. In Sec. 2.1, we review the notion of the gauge in general relativity and gauge degree of freedom in general-relativistic perturbations. In Sec. 2.2, the definition of perturbations in general relativity and its gauge-transformation rules are reviewed. When we consider perturbations in any theory with general covariance, we have to exclude these gauge degrees of freedom in the perturbations. To accomplish this, gauge-invariant variables of perturbations are useful, and these are regarded as physically meaningful quantities. In Sec. 2.3, a procedure to find gauge-invariant variables of perturbations is explained, which was developed in Ref. [13] . We emphasize that the ingredients of this section do not depend on the details of the background spacetime, except for Conjecture 1.
Notion of "gauge" in general relativity
General relativity is a theory based on general covariance, which intuitively states that there is no preferred coordinate system in nature. Due to this general covariance, the notion of "gauge" is introduced in the theory. Sachs [20] is the first person who pointed out that there are two kinds of "gauges" in general relativity. He called these two "gauges" as the firstand the second-kind of gauges, respectively. The distinction of these two different notion 3/25 of "gauges" is an important premise in the arguments in Sec. 3. Therefore, first of all, we remind the difference of these two "gauges".
The first kind gauge is a coordinate system on a single manifold M. On a manifold, we can always introduce a coordinate system as a diffeomorphism ψ α which maps from an open set 
α , which is a coordinate transformation :
α is also called gauge transformation of the first kind in general relativity.
On the other hand, the second kind gauge appears in perturbation theories in a theory with general covariance. This is the main issue of this paper. In perturbation theories, we always treat two spacetime manifolds. One is the physical spacetime M which is our nature itself and we want to clarify the properties of M through perturbations. Another is the background spacetime M 0 which has nothing to do with our nature but is prepared by hand for perturbative analyses. Let us denote the physical spacetime by (M,Q) and the background spacetime by (M 0 , Q 0 ), whereQ is the collection of tensor fields on M, and Q 0 is the collection of the background values on M 0 for the collectionQ on M. The gauge choice of the second kind is the point identification map X : M 0 → M [20, 21] . We have to note that the correspondence X between points on M 0 and M is not unique to the perturbation theory with general covariance. General covariance intuitively means that there is no preferred coordinate system in the theory. Due to general covariance, we have no guiding principle to choose the identification map X . Actually, as a gauge choice of the second kind, we may choose a different point identification map Y from X . This implies that there is degree of freedom in the gauge choice of the second kind. This is the gauge degree of freedom of the second kind in perturbation theory. In this understanding, the gauge transformation of the second kind is a change X → Y of the identification map M 0 → M.
Perturbations in general relativity
To formulate the above second-kind gauge in more detail, we introduce an infinitesimal parameter λ for perturbations. Further, we consider the (n + 1) + 1-dimensional manifold N = M × R, where n + 1 = dim M and λ ∈ R. The background spacetime M 0 = N | λ=0 and the physical spacetime M = M λ = N | R=λ are also submanifolds embedded in the extended manifold N . Each point on N is identified by a pair, (p, λ), where p ∈ M λ , and each point in the background spacetime M 0 in N is identified by λ = 0. Through this construction, the manifold N is foliated by (n + 1)-dimensional submanifolds M λ of each λ, and these are diffeomorphic to the physical spacetime M and the background spacetime M 0 . The manifold N has a natural differentiable structure consisting of the direct product of M and R. Further, the perturbed spacetimes M λ for each λ must have the same differential structure by this construction.
If a tensor field Q λ is given on each M λ , Q λ is automatically extended to a tensor field on N by Q(p, λ) := Q λ (p), where p ∈ M λ . Tensor fields on N obtained through this construction are necessarily "tangent" to each M λ , i.e., their normal component to each M λ in N identically vanishes. To consider the basis of the tangent space of N , we introduce 4/25 the normal form (dλ) a and its dual (∂/∂λ) a , which are normal to each M λ in N . These satisfy (dλ) a (∂/∂λ) a = 1. (dλ) a and (∂/∂λ) a are normal to any tensor field extended from the tangent space on each M λ through the above construction. The set consisting of (dλ) a , (∂/∂λ) a , and the basis of the tangent space on each M λ is regarded as the basis of the tangent space of N . To define perturbations of an arbitrary tensor fieldQ, we have to compareQ on the physical spacetime M λ with Q 0 on the background spacetime M 0 through the introduction of a gauge choice of the second kind. The gauge choice of the second kind is made by assigning a diffeomorphism X λ : N → N such that X λ : M 0 → M λ . The pull-back X * λ , which is induced by the map X λ , maps a tensor fieldQ on M λ to a tensor field X * λQ on M 0 . Once the definition of the pull-back of the gauge choice X λ is given, the perturbations of a tensor fieldQ under the gauge choice X λ are simply defined by the evaluation of the Taylor expansion at M 0 in N :
where
X Q are the first-and the second-order perturbations ofQ, respectively. We also note that these perturbations completely depend on the gauge choice X λ . When we have two different gauge choices X λ and Y λ , we have two different representations of the perturbative expansion of the pulled-backed variables X * λQ λ M0 in Eq. (1) and
Although these two representations of the perturbations are different from each other, these should be equivalent because of general covariance. This equivalence is guaranteed by the gauge-transformation rules between two different gauge choices. The change of the gauge choice from X λ to Y λ is represented by the diffeomorphism Φ λ := (X λ ) −1 • Y λ . This diffeomorphism Φ λ is the map Φ λ : M 0 → M 0 for each value of λ ∈ R and does change the point identification. Therefore, the diffeomorphism Φ λ is regarded as the gauge transformation Φ λ : X λ → Y λ . The gauge transformation Φ λ induces a pull-back from the representation X Q λ of the perturbed tensor field Q in the gauge choice X λ to the representation Y Q λ in the gauge choice Y λ . Actually, the tensor fields X Q λ and Y Q λ , which are defined on M 0 , are connected by the linear map Φ * λ as Y Q λ = Φ * λ X Q λ . According to generic arguments concerning the Taylor expansion of the pull-back of tensor fields on the same manifold [7, 8] , it should be expressed the gauge transformation Φ * λ X Q λ in the form
where the vector fields ξ a (1) and ξ a (2) are the generators of the gauge transformation Φ λ . Substituting Eqs. (1) and (2) into Eq. (3), we obtain the gauge-transformation rules for perturbations (1) X Q and (2) X Q as follows:
The notion of gauge invariance considered in this paper is the order by order gauge invariance proposed in Ref. [16] . We call the kth-order perturbation
for any gauge choice X λ and Y λ . Through this concept of the order by order gauge invariance, we can decompose any perturbation of Q into the gauge-invariant and gauge-variant parts, as shown in Ref. [13] . In terms of these gauge-invariant variables, we can develop the gauge-invariant perturbation theory. However, this development is based on a non-trivial conjecture, i.e., Conjecture 1 for linear order metric perturbations as explained below.
Gauge-invariant variables
Inspecting the gauge-transformation rules (4) and (5), we define gauge-invariant variables for metric perturbations and for perturbations of an arbitrary matter field. First, we consider the metric perturbation. The metricḡ ab on M, which is pulled back to M 0 using a gauge choice X λ , is expanded in the form of Eq. (1):
where g ab is the metric on M 0 . Of course, the expansion (7) of the metric depends entirely on the gauge choice X λ . Nevertheless, henceforth, we do not explicitly express the index of the gauge choice X λ if there is no possibility of confusion. Based on these setups, in Ref. [13] , we proposed a procedure to construct gauge-invariant variables for higher-order perturbations. Our starting point to construct gauge-invariant variables is the following conjecture for the linear-order metric perturbation h ab defined by Eq. (7):
Conjecture 1. If there is a symmetric tensor field h ab of the second rank, whose gauge transformation rule is
then there exist a tensor field H ab and a vector field X a such that h ab is decomposed as
where H ab and X a are transformed as
under the gauge transformation (8) , respectively.
In this conjecture, H ab is gauge-invariant and we call H ab as gauge-invariant part of the perturbation h ab . On the other hand, the vector field X a in Eq. (9) is gauge dependent, and we call X a as gauge-variant part of the perturbation h ab .
The main purpose of this paper is to give an outline of a proof of Conjecture 1. In the case of cosmological perturbations on a homogeneous and isotropic universe, we confirmed that Conjecture 1 is almost correct except for some special modes of perturbations, and then we could develop the second-order cosmological perturbation theory in a gauge-invariant manner [9] . On the other hand, in the case of the perturbation theory on an arbitrary background spacetime, this conjecture is a highly non-trivial statement due to the nontrivial curvature of the background spacetime, though its inverse statement is trivial. We will see this situation in detail in Sec. 3.
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Before going to our outline of a proof of Conjecture 1, we explain how the higher-order gauge-invariant perturbation theory is developed based on this conjecture, here. Through this explanation, we emphasize the importance of Conjecture 1.
As shown in Ref. [13] , the second-order metric perturbations l ab are decomposed into gauge-invariant and gauge-variant parts through Conjecture 1. Actually, using the gaugevariant part X a of the linear-order metric perturbation h ab , we consider the tensor fieldL ab defined byL
Through the gauge-transformation rules (5) and (10) for l ab and X a , respectively, the gaugetransformation rule for this variableL ab is given by
This is identical to the gauge-transformation rule (8) in Conjecture 1. Therefore, we may apply Conjecture 1 to the variableL ab and we can decompose it aŝ
where the gauge-transformation rules for L ab and Y a are given by
Thus, we have accomplished the decomposition of the second-order metric perturbation l ab as
Furthermore, as shown in Ref. [13] , using the first-and second-order gauge-variant parts, X a and Y a , of the metric perturbations, the gauge-invariant variables for an arbitrary tensor field Q other than the metric are given by
It is straightforward to confirm that the variables (1) Q and (2) Q defined by (16) and (17), respectively, are gauge invariant under the gauge-transformation rules (4) and (5), respectively. We have to emphasize that not only gauge-invariant parts of the metric perturbations but also gauge-variant parts X a and Y a for metric perturbations play crucial role in these systematic construction of gauge invariant variables (1) Q and (2) Q through Eqs. (16) and (17) .
Equations (16) and (17) have an important implication. To see this, we represent these equations as
These equations imply that any perturbation of first and second order can always be decomposed into their gauge-invariant and gauge-variant parts as Eqs. (18) and (19), respectively. The decomposition formulae (18) and (19) are important consequences in our higher-order 7/25 gauge-invariant perturbation theory. Actually, in Ref. [14] , we have derived the formulae for the perturbations of the spacetime curvatures and showed that all of these are decomposed as Eqs. (18) and (19) . In addition to the spacetime curvatures, in Ref. [16] , we also summarized the formulae for the perturbations of the energy-momentum tensors for a single scalar field, a perfect fluid, and an imperfect fluid, and showed that all these energy-momentum tensors and the equations of motion for the matter fields are decomposed into their gauge-invariant and gauge-variant parts as Eqs. (18) and (19) . As a result of these decompositions, we can easily show that order by order perturbative equations for any equation on an arbitrary background spacetime are automatically given in gauge-invariant form [14, 16] . Furthermore, we explicitly derived of the second-order Einstein equations for cosmological perturbations in a gauge-invariant manner [9, 16] . We can also expect that the similar structure of equations of the systems will be maintained in any order perturbations and our general framework will be applicable to any order general-relativistic perturbations. Actually, decomposition formulae for the third-order perturbations in two-parameter case, which correspond to Eqs. (18) and (19) , are explicitly given in Ref. [13] . Therefore, the similar development is possible for the third-order perturbations. Since we could not find any difficulties to extend higher-order perturbations [13] except for the necessity of long cumbersome calculations, we can construct any order perturbation theory in gauge-invariant manner, recursively.
We note that, through the above recursive procedure, we can find gauge-invariant variables for any perturbative variables without any gauge fixing. The concept of gauge invariance of perturbations should be equivalent to "complete gauge-fixing". Therefore, we may say that our procedure gives a complete gauge-fixing without any explicit gauge-fixing. We also note that the specification of gauge-variant parts is not unique. The different specifications of gauge-variant variables X a and Y a correspond to the different gauge-fixing as explicitly shown in Ref. [24] . In many literature, the explicit gauge-fixing procedures were proposed and these correspond to the explicit specification of the gauge-variant parts X a and Y a . However, in this paper, we do not explicitly specify these gauge-variant variables, though we can specify these gauge-variant variables at any time. This is due to the fact that the key idea of our recursive procedure to find gauge-invariant variables is not in the explicit form of the gauge-variant parts but in the gauge-transformation rules of gauge-variant variables of metric perturbations. For example, if we explicitly specify the first-order gauge-variant part X a , it will be difficult to construct gauge-invariant variables for the second-order metric perturbations, because the gauge-transformation rule of the gauge-variant variable X a is used to find gauge-invariant variables for the second-order metric perturbations in our recursive procedure.
Finally, we have to emphasize that the above general framework of the higher-order gaugeinvariant perturbation theory are independent of the explicit form of the background metric g ab except for Conjecture 1, and are valid not only in cosmological perturbation case but also the other generic situations if Conjecture 1 is true. This implies that if we prove Conjecture 1 for an arbitrary background spacetime in some sense, the above general framework is applicable to perturbation theories on any background spacetime. This is the reason why we proposed Conjecture 1 in Ref. [16] . In the next section, we give a scenario of a proof of Conjecture 1 on an arbitrary background spacetime which admits ADM decomposition.
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Decomposition of the linear-order metric perturbation
Here, we give a scenario of a proof of Conjecture 1 in Sec. 3.1 through the assumption of the existence of some Green functions of elliptic type derivative operators. This scenario is just an extension of the proof in the case of cosmological perturbations. The comparison with the case of cosmological perturbations in Refs. [9] is discussed in Sec. 3.2.
A scenario of a proof of Conjecture 1
Now, we give a scenario of a proof of Conjecture 1 on an arbitrary background spacetime. To do this, we assume that the background spacetimes admit ADM decomposition. Therefore, the background spacetime M 0 (at least the portion of M 0 which we are addressing) considered here is n + 1-dimensional spacetime which is described by the direct product R × Σ. Here, R is a time direction and Σ is the spacelike hypersurface (dim Σ = n) embedded in M 0 . This means that M 0 is foliated by the one-parameter family of spacelike hypersurface Σ(t), where t ∈ R is a time function. In this setup, the metric on M 0 is described by
where α is the lapse function, β i is the shift vector, and
Since the ADM decomposition (20) of the metric is a local decomposition, we may regard that the arguments in this paper are restricted to that for a single patch in M 0 which is covered by the metric (20) . Further, we may change the region which is covered by the metric (20) through the choice of the lapse function α and the shift vector β i . The choice of α and β i is regarded as the first-kind gauge choice explained in Sec. 2.1, which have nothing to do with the second-kind gauge as emphasized in Sec. 2.1. Since we may regard that the representation (20) of the background metric is that on a single patch in M 0 , in general situation, each Σ may have its boundary ∂Σ. For example, in asymptotically flat spacetimes, ∂Σ includes asymptotically flat regions [19] . Furthermore, if necessary, we may regard that Σ(t) is a portion of the spacelike hypersurface in M 0 and add disjoint components to the boundary ∂Σ. For example, when the formation of black holes occurs, we may exclude the region inside the black holes from Σ. In any case, when we consider the spacelike hypersurface Σ with boundary ∂Σ, we have to impose appropriate boundary conditions at the boundary ∂Σ.
To consider the decomposition (9) of h ab , we first consider the components of the metric h ab as
The components h tt , h ti , and h ij are regarded as a scalar function, components of a vector field, and the components of a symmetric tensor field on the spacelike hypersurface Σ, respectively. Under the gauge-transformation rule (8), the components {h tt , h ti , h ij } are 9/25 transformed as
Here, K ij is the components of the extrinsic curvature of Σ in M 0 and D i is the covariant derivative associate with the metric q ij (D i q jk = 0). The extrinsic curvature K ij and its trace K are related to the time derivative of the metric q ij by
We also note that the gauge-transformation rules (22)- (24) represent the gaugetransformation of the second kind which have nothing to do with the gauge-degree of freedom of the first kind as explained in Sec. 2.1. We have to emphasize that the main purpose of this paper is to show how to exclude this gauge degree of freedom of the second kind inspecting gauge-transformation rules (22)- (24) .
The essence of our strategy for the explicit construction of the gauge-invariant and gaugevariant parts of the linear metric perturbation is already given in our short paper [18] . In Ref. [18] , we consider the simple case where α = 1 and β i = 0. Our strategy is as follows: we first assume that the existence of the variables X t and X i whose gauge-transformation rules are given by
This assumption is confirmed through the explicit construction of the gauge-variant part of the linear-order metric perturbation below. Similar technique is given by Pereira et al. [22] in the perturbations on Bianchi type I cosmology. Inspecting gauge-transformation rules (22)- (24), we define the symmetric tensor fieldĤ ab whose components are given bŷ
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The gauge transformation rules (22)- (24) and our assumptions (27) and (28) give the gaugetransformation rules of the components ofĤ ab as follows:
Since the componentsĤ it andĤ ij are regarded as componets of a vector and a symmetric tensor on Σ(t), respectively, we may apply York's decomposition reviewed in Appendix A toĤ ti andĤ ij :Ĥ
Equations (33) and (34) give the gauge-transformation rules for the variables
, and h (T T )ij . First, we consider the gauge-transformation rule (33) in terms of the decomposition (35):
Taking the divergence of this gauge-transformation rule and through the property
In this paper, we assume that the existence of the Green function ∆ −1 of the Laplacian ∆ := D i D i . Then, we easily obtain the gauge-transformation rule for
where we have ignored the modes which belong to the kernel of the derivative operator ∆. Substituting Eq. (41) into Eq. (39) we obtain the gauge-transformation rule for the variable
The gauge-transformation rules for h (L) and h (T )ij are given from Eq. (34). Since we consider the decomposition (36), the gauge-transformation rule (34) is given by
Taking the trace of Eq. (43), we obtain
The traceless part of Eq. (43) is given by
11 /25 Note that the variable h (T )ij is also decomposed as Eq. (37) and the gauge-transformation rules for the variable h (T )ij is given by
Taking the divergence of Eq. (46), we obtain
where the derivative operator D ij is defined by
Here, R ij is the Ricci curvature on Σ. Properties of the derivative operator D ij are discussed in Appendix A. Here, we assume the existence of the Green function of the derivative operator D ij and ignore the modes which belong to the kernel of the derivative operator D ij . Then, we obtain
Substituting Eq. (49) into (46), we obtain
In summary, we have obtained the gauge-transformation rules for the
, and h (T T )ij as follows:
Since the gauge transformation rule (55) coincides with the gauge transformation rule (28) for the variable X i , we may identify the variable X i with h (T V )i :
Thus, we have confirmed the existence of the variable X i . Next, we show the existence of the variable X t whose gauge-transformation rule is given by Eq. (27) . Inspecting these gauge transformation rules (52) and (55), we find the definition of X t as
Actually, the gauge transformation rule for X t defined by Eq. (58) is given by Eq. (27) . This is the desired property for the variable X t . Thus, we have consistently confirmed the existence of the variables X t and X i which was assumed in the definitions (29)- (31) of the components of the tensor fieldĤ ab . This is the most non-trivial part of the ingredients of 12/25 this paper. Definitions (57) and (58) also imply that we may start the construction of the gauge-invariant and gauge-variant variables from the decompositions of the components h ti and h ij which are obtained by the substitution of Eqs. (58) and (57) into Eqs. (30) and (31) with the decomposition formulae (35)-(37). This approach is discussed in Sec. 4. Now, we construct gauge-invariant variables for the linear-order metric perturbation h ab . First, the gauge-transformation rule (56) shows that h (T T )ij is gauge invariant by itself and we define the gauge-invariant transverse-traceless tensor by
The transverse-traceless property of χ ij is automatically given by the definition of h (T T )ij in Eqs. (36) and (37). Inspecting the gauge-transformation rules (53) and (55), we define a gauge-invariant vector mode ν i by
Actually, we can easily confirm that the variable ν i is gauge invariant, i.e.,
Through the divergenceless property of the variable h (V )i , we easily see the property D i ν i = 0. The gauge-invariant variables for scalar modes are defined as follows: First, inspecting gauge-transformation rules (27) and (32), we define the scalar variable Φ by
Inspecting the gauge-transformation rules (54) and (55), we also define another gaugeinvariant variable Ψ by
We can easily confirm the gauge invariance of the variables Φ and Ψ through gaugetransformation rules (27) , (32), (54), and (55). Here, we choose the factor of Ψ in the definition (62) so that we may regard Φ = Ψ is Newton's gravitational potential in the four-dimensional Newtonian limit. In terms of these gauge-invariant variables and the variables X t and X i , which are defined by Eqs. (58) and (57), respectively, the original components {h tt , h ti , h ij } of the metric perturbation h ab is given by
Equations (63)- (65) imply that we may identify the components of the gauge-invariant variables H ab and the gauge-variant variable X a so that
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and
These identifications lead to the decomposition formula (9) for the linear-order metric perturbation on an arbitrary background spacetime. We note that, in this outline of a proof, we assumed the existence of two Green function of the derivative operators ∆ := D i D i and D ij which is defined by Eq. (48). In other words, we have ignored the modes which belong to the kernel of these derivative operators ∆ and D jl . We call these modes as zero modes. To explicitly specify the Green functions for ∆ and D ij , we have to impose boundary conditions at boundaries ∂Σ. Since the operators ∆ and D ij are elliptic, the change of the boundary conditions at ∂Σ is adjusted by functions which belong to the kernel of the operators ∆ and D ij , i.e., zero modes. Therefore, we may say that the information for the boundary conditions for the Green functions ∆ −1 and D ij −1 is also included in these zero modes. To take these modes into account, the different treatments will be necessary. We call this issue as zero-mode problem.
Comparison with the FLRW background case
Here, we consider the comparison with the case where the background spacetime M 0 is a homogeneous isotropic universe discussed in Refs. [9] to clarify differences of the above arguments in Sec. 3.1 from the well-known formulation of cosmological perturbations. The case of a homogeneous isotropic background universe corresponds to the case α = 1, β i = 0, and K ij = −Hq ij , where H = ∂ t a/a and a is the scale factor of the universe.
On this background spacetime, in Refs. [9] , we decomposed the components h ti and h ij of the metric perturbation h ab as
where q ij = a 2 γ ij , γ ij is the metric on a maximally symmetric space,D i is the covariant derivative associated with the metric γ ij , and∆ :=D iD i . In the case where α = 1, β i = 0, and K ij = −Hq ij , the decomposition (68)-(71) are equivalent to the decomposition (35)-(37) with Eqs. (29)- (31), (57), and (58) in this paper. Therefore, one might think that we may also apply the decomposition (68)-(71) even in the case of an arbitrary background spacetime. However, in the case of an arbitrary background spacetime, the decomposition (68)-(71) is ill-defined. Actually, if we regard that the decomposition (68)-(71) is that for an arbitrary background spacetime, we cannot separateh (T L) andh (T V )j due to the non-trivial curvature terms of the background M 0 as pointed out by Deser [23] . These curvature terms come from the commutation relation between the covariant derivative D i and the derivative operator D ij . This is why we apply the decomposition (35)-(37) with Eqs. (29)- (31), (57), and (58) instead of (68)-(71).
Furthermore, in Refs. [9] , we have assumed the existence of Green functions of the derivative operators∆,∆ + (n − 1)k, and∆ + nk to guarantee the one to one correspondence of 14/25 the set {h tt , h ti , h ij } and
where k is the curvature constant on the maximally symmetric space. The special modes which belong to the kernel of the derivative operators∆,∆ + (n − 1)k, and∆ + nk were not included in the consideration in Refs. [9] . On the other hand, in this paper, we ignore the modes which belong to the kernel of the derivative operator ∆ and D ij . We note that the modes ignored in this paper coincides with the modes ignored in Ref. [9] . Trivially, the above operator∆ :=D iD i corresponds to the Laplacian ∆ in this paper. In the case of the maximally symmetric n-space, the Riemann curvature and Ricci curvature are given by
In this case, the derivative operator D ij defined by Eq. (48) is given by
When the operator D ij acts on an arbitrary transverse vector field v i (D i v i = 0), we easily see that
Therefore, the kernel of the derivative operator∆ + (n − 1)k in Refs. [9] is included in the kernel of the derivative operator D ij in this paper. Finally, we consider the case where the derivative operator D jl acts on the gradient D l f of an arbitrary scalar function f :
In the case of maximally symmetric n-space, curvature tensors are given by Eqs. (72) and the derivative operator D jl D l is given by
To solve the equation D jl D l f = g j , we have to use the Green functions associated with the derivative operators ∆ and ∆ + nk. These are the reason for the fact that the Green functions ∆ −1 , (∆ + (n − 1)k) −1 , and (∆ + nk) −1 were necessary to guarantee the one-toone correspondence between the components {h ti ,
In other words, we may say that the special modes belong to the kernel of the derivative operators ∆ and D ij are equivalent to the special modes which belong to the kernel of the derivative operators ∆, ∆ + (n − 1)k, and ∆ + nk in the case of the maximally symmetric space Σ in Refs. [9] . Finally, we note that the gauge-invariant variables defined by Eqs. (59)-(62) are generalizations of the metric perturbation in the longitudinal gauge in cosmological perturbation theory [24] . As noted in Refs. [8, 16, 24] , the choice of the gauge-invariant variable is not unique and there are many choice of the gauge-invariant variables. This situation corresponds to the fact that there are infinitely many complete gauge-fixing procedures. Actually, in Ref. [24] , through the specification of the gauge-variant parts X a and Y a of the first-and the second-order metric perturbations in Eqs. (9) and (15), we realized the two different complete gauge-fixing in the first-and the second-order perturbations, namely, the Poission gauge and the flat gauge, at kinematical level. Through the similar technique, Uggla and Wainwright [25] derived the linear-order Einstein equations both in the longitudinal gauge (Poisson gauge) and in the flat gauge (constant curvature gauge) in a compact manner.
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Summary and discussions
In summary, we proposed a scenario of a proof of Conjecture 1 for an arbitrary background spacetime which admits ADM decomposition. Conjecture 1 states that we already know the procedure to decompose the linear-order metric perturbation h ab into its gauge-invariant part H ab and gauge-variant part X a . In the cosmological perturbation case, this conjecture was confirmed and then the second-order cosmological perturbation theory was developed in our series of papers [9, 16, 17] . However, as reviewed in Sec. 2, Conjecture 1 is the only nontrivial part when we consider the general framework of gauge-invariant perturbation theory on an arbitrary background spacetime. Although there will be many approaches to prove Conjecture 1, in this paper, we just proposed an outline a proof for an arbitrary background spacetime.
In the outline shown in Sec. 3.1, we assumed the existence of Green functions of the elliptic derivative operators ∆ and D ij . This assumption implies that we have ignored the modes which belong to the kernel of these derivative operators. We call these modes as zero modes. To derive the explicit representation of these Green functions, we have to impose appropriate boundary conditions for the perturbative metric at the boundary ∂Σ. The modes which belong to the kernel of the above derivative operators also includes the degree of freedom of these boundary conditions, because of the ellipticity of the derivative operators ∆ and D ij as noted in Sec. 3.1. For this reason, we also emphasized the importance of these zero modes from a view point of the globalization of gauge-invariant variables [30] . Within the arguments in this paper, there is no information for the treatment of these mode. To discuss these modes, different treatments of perturbations will be necessary. We call this issue as zero-mode problem. The situation is similar to the cosmological perturbation case as noted in Sec. 3.2 and zero-mode problem exists even in the cosmological perturbation case.
This zero-mode problem in cosmological perturbations also corresponds to the l = 0 and l = 1 (even) mode problem in perturbation theories on spherically symmetric background spacetimes. In the perturbation theory on spherically symmetric background spacetimes, one usually considers 2 + 2 formulation [3] (or 2 + n formulation [4] ), in which the similar decomposition to Eqs. (69)-(71) is applied. In this case, the indices i, j, ... in these equations correspond to the indices of the components of a tensor field on S 2 . Since S 2 is a 2-dimensional maximally symmetric space with the positive curvature, we may regard n = 2 and k = 1 in Sec. 3.2. Then, the three derivative operators ∆, ∆ + (n − 1)k, and ∆ + nk in Sec. 3.2 are given by ∆, ∆ + 1, and ∆ + 2, respectively. Since the eigenvalue of the Laplacian ∆ on S 2 is given by ∆ = −l(l + 1), we may say that the modes with l = 0 and l = 1 belong to the kernel of the derivative operator ∆ and ∆ + nk, respectively. Therefore, we may say that the problem concerning about the modes with l = 0 and l = 1 in the perturbations on spherically symmetric background spacetimes is the same problem as the zero-mode problem mentioned above.
Thus, the arguments in this paper show that zero-mode problem generally appears in many perturbation theories in general relativity and we have seen that the appearance of this zero-mode problem from general point of view. Furthermore, as discussed in Appendix A, the kernel of the derivative operator D ij includes conformal Killing (or Killing) vectors on Σ. Therefore, the existence of zero mode is also related to the symmetry of the background spacetime. To resolve this zero-mode problem, careful discussions on domains of functions for 19/25 perturbations and its boundary conditions at ∂Σ will be necessary. We leave this zero-mode problem as a future work.
In our outline of a proof in Sec. 3.1, we used a tricky logic to construct gauge-invariant and gauge-variant parts of the metric perturbation h ab . Therefore, in Sec. 4, we confirmed the consistency of our result in Sec. 3.1 through the change of the starting point of our arguments, and then, we have reached to the same conclusion as in Sec. 3.1. Due to this fact, we may say that the result obtained in Sec. 3.1 is consistent. In the approach in Sec. 4, we assume the existence of Green functions ∆ −1 and F −1 . Further, we also assume the existence and the uniqueness of the solution to the integro-differential equation (86) . Although the correspondence between the existence of the Green functions which are assumed in Sec. 3.1 and these assumptions is not clear, we may say that the above zero-mode problem is delicate in the case of an arbitrary background spacetime.
We also emphasize that the gauge issue discussed in this paper is just a kinematical one and we did not use any information of the field equations such as Einstein equations. In other words, the results in this paper is also applicable not only to general relativity but also to any other metric theories of gravity with general covariance.
Since our motivation of this paper is in higher-order general-relativistic perturbation theory, readers might think that the ingredients of this paper is related to the issue so-called "linearization instability" [27] . However, at least within the level of the ingredients of this paper, our arguments themselves still have nothing to do with the issue of linearization instability. The linearization instability is the issue of the existence of the solutions to the initial value constraints in the Einstein equations, while our arguments in this paper is just a kinematical one and have nothing to do with field equations as mentioned above. Although it will be interesting to reconsider the issue of linearization instability from the view point of our gauge-invariant perturbation theory, this issue is beyond the current scope of this paper. To discuss the linearization instability from our view point, it will be necessary to discuss the above zero-mode problem, at first.
Although we should take care of the zero-mode problem, we have almost completed the general framework of the general-relativistic higher-order gauge-invariant perturbation theory. The outline of a proof of Conjecture 1 shown in this paper gives rise to the possibility of the application of our general framework for the higher-order gauge-invariant perturbation theory not only to cosmological perturbations [9, 16, 17] but also to perturbations of black hole spacetimes or perturbations of general relativistic stars through an unified formulation of the general-relativistic perturbation theory. Furthermore, as mentioned above, the results in this paper is also applicable not only to general relativity but also to any other metric theories of gravity with general covariance. Therefore, we may say that the wide applications of our gauge-invariant perturbation theory will be opened due to the discussions in this paper. We also leave these development of gauge-invariant perturbation theories for these background spacetimes as future works.
